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'Fisher’s Exact test

For 2 x 2 tables

Setting: two independent samples

Yi,..., Yy i.i.d from Bernoulli(py)
Xiy ooy Xm iid from Bernoulli( px)

Null hypothesis: py = px Homegeneity of proportions

Test statistic: Probability of observed table conditional on margins
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p-value: Sum of probability of all tables as or more extreme than

observed table.



::-Z'Data_ from last ﬁme

## ate_breakfast
## cat_dog no yes

## cats a=6 L-9 | ¥, =
##  dogsc6 dl1d | R,
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A smaller (in sample size) example

Vodom somple

HH# ate_breakfast
## cat_dog no yes
H# cats 4 4
## dogs 3 4



A smaller (in sample size) example with margins

H ate breakfast

## cat_dog no yes Sum ek et ?fo\.,aﬁ;:\'{g
##  cats |4 4| 8 of Bane Ao ies 7
##  dogs |3 4| 7 Leds o

Wi o e pebdy
O’Q a,\‘,b oA~ ef(\‘\fﬁg7 O\'Z.

## Sum 7 8 15

Under null, there is no difference in the probability of eating
breakfast between people who prefer cats and people who prefer
dogs, what is the probability of observing this exact table,
conditioning on the margins?



Working out the test statistic

Under the null py = px = p.
Conditional on row sums Ry = a-+ b and R, = c+ d:

ni2 ~ Binomial(Ry, p)
noo ~ Binomial( Ry, p)

But we also need nis + nos = G.

l.e. What is P(ni2 = b | nia + nop = G)7

Turns out to be: - N
(1) (€59 (v\ > - oo

— N x A
(pra) C\Aow_(n, x)

a.k.a Hypergeometric Distribution



”_D_erivation
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P(m2 = b | ni2 + nxp = b+ d)




Example: Test statistic

H# ate_breakfast
## cat_dog no yes Sum

## cats 4 @ B
#it dogs 3 |4] [7]
## s 7 [8]15)

Under null, probability of seeing this table, given margins:

(2) (D — (.38 e lest S\-hffs'\(c,
(15) — V. ,Cof a\’wu ai ‘\‘D&L(&.
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- p-values

More extreme? Depends on alternative:

= py > px, greater ni?
= py < px, smaller ni»
= py # px, less likely tables
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Example: p-values lower alternative

H,oxr py < px
More extreme tables would have njo = 3, 2 1 or 0

Your turn: Complete the table if n;» = 3:

No Yes

Prob =

10



~ Example: p-values lower alternative

H%: py < px
No Yes
Cats 5 2
Dogs 7. 5
No Yes
Cats © 2
N * ‘;@;si\a&ul, Dogs 1 §)
[
I No Yes
@,
Cats 7 1
Dogs O

p-value = 0.381 4+ 0.183 + 0.03 + 0.001 = 0.595
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Example: p-values greater alternative

HA: Py > px
More extreme tables would have njo = 5,6, 7or 8

Your turn: What are the more extreme tables?

) Ao W‘"’\ 1
ek | 5 5 ¥ 2 6
deq b3 ‘? 5 2
7 8 .
|
l 7 \ o 9
6 |\ | T ©

p-value :\ 0.381 H 0.305 + 0.091 4 0.009 + 0 = 0.786
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:_';_-..Example: p-valués two-sided alternative

Which tables are less likely than that observed?
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Careful with direction (rows permuted in R)

x <- xtabs(~ cat_dog + ate_breakfast, data = class data)

fisher.test(x, alternative = "greater")

##

## Fisher's Exact Test for Count Data

##

## data: x

## p-value = 0.397 Prowt < Prowr Pz 7 Frova

## alternative hypothesis: true odds ratio is greater than 1
## 95 percent confidence interval:

## 0.3796782 Inf

## sample estimates:

## odds ratio

##  1.535689
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Sampling for'binbmial .p.roportions

= Multinomial Obtain a sample of N units, and cross classify
according to the grouping variable G and the binary response
variable Y.
« Can estimate all probabilities, P(Y; = 1), P(G; = 1),
P(Y; = 1|G; = 0) etc.
= Two-sample Obtain two samples, one of size n from group 1
(G; = 0), and one of size m from group 2 (G; = 1).

= Can't estimate P(G; = 1) or P(Y; = 1) but can estimate
P(Y; = 1|G; = 0).
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Retrospective studies

Sometimes, particularly if an_outcome is very rare, it's hard to
observe any successes(Y,: =1 }with Multinomial or Binomial
sampling.

E.g.

L Nl
Response variable Y = struck by Ilghtmng (Yes/No)
Grouping variable G = regular golfer (Yes/No)

Lightning strikes are very rare events, so even with rather large
-samples we may not observe anybody who has been struck.

In a retrospective sample we get s units where Y; = 1 and r units
where Y; = 0 then classify them to the groups G;.

16



17



Retrospective studies

We can no longer estimate P(Y; = 1| G; = 1) (e.g. P(getting hit by
lightening | regular golfer) = P(L|G)) since we don’t have a
representative sample of golfers.

Means we can't estimate:

= Risk difference: P(Y; =1| G =1)- P(Y;=1|G; =0)

= Relative risk: ﬁ%’yfjjfgﬁzé%

We can still estimate P(G; = 1|Y; = 1), which means we can
estimate the odds ratio.

PILIG)/(L=P(L]G)) _ P(G|L)/(1—-P(G|L))
P(L| NG)/(1—P(L| NG)) ~ P(G| NL)/(1 = P(G | NL))
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Estimate of P(G; =1|Y;=1)=d/(
Estimate of P(G; = 1|Y; =0) =c/G

Estimate of Odds(G|L) m“%%%g — %’.

Estimate of Odds(}@) = "i"f_/c—flcf
(G
Estimate of Odds ratio: z—g

Tl [
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Properties of the sample odds ratio

Sample odds ratio
ad

bc

v =

The log of this estimate is asymptotically Normal

1 1 1 1
log(w) ~ N (Iog(w), P 5 + -t 5)
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_:: | _”L_cig Odds ratio test

oddsratio (3 o~

/

Leads to test of Hp : w = 1 using statistic

L log(@) —log(1) _ __log(@)
1
Jriri+d (irbeied

Under Hg has an approximate N(0, 1) distribution.

(1 — «)100% confidence interval for log(w):

1 1 1 1

log(®) + Zlma/Z\/; + P T2 + P

(Exponentiate both endpoints to get Cl for w)
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Which test?

All three tests, Chi-square, Fisher's Exact, and Log Odds ratio can

be used in all sampling schemes (Multinomial, two sample Binomial
and Retrospective).

Which probabilities can be estimated depends on sampling scheme.
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